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H 1. Introduction 

Let X be a proper smooth model of the affine surface 

y^-az^^fix), (1.1) 

where a S Z is not a square and / G Z[a;] is a polynomial of degree 3 or 4 without 
repeated roots. This defines a Chatelet surface over Q and we will be interested 
here in providing a quantitative description of the density of Q-rational points on 
X. The anticanonical linear system | — Kx\ has no base point and gives a morphism 
ip : X P^. This paper is motivated by a conjecture of Manin [11] applied to the 
counting function 

N{B) = #{x e X{Q) : {Hi o ^p){x) ^ B}, 
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for a suitably metrized exponential height H4 : P^(Q) — >■ K>o, whose precise definition 
we will delay until §5. The conjecture predicts that N{B) ^ cxB{\og BY^~'^ for some 
constant cx > 0, where rx is the rank of the Picard group associated to X. Peyre 
[17] has given a conjectural interpretation of the constant cx- 

Getting an upper bound for N{B) is considerably easier and the second author 
[5] has shown that N{B) -C -B(log B)*"^"^ for any Chatelet surface. When suitable 
assumptions are made on a and / in (1.1) one can go somewhat further. Henceforth 
we assume that a = —1. In recent joint work of the authors with Peyre [4], the 
Manin conjecture is confirmed for a family of Chatelet surfaces that corresponds to 
f{x) splitting completely into linear factors over Q in (1.1). Our aim in the present 
investigation is to bettcir understand the behaviour of N{B) when the factorisation 
of f{x) into irreducibles contains an irreducible polynomial of degree 3. Here, as 
throughout this paper, we take irreducibility to mean irreducibility over Q. In this case 
it follows from the work of CoUiot-Thelene, Sansuc and Swinnerton-Dyer [6, 7] that 
X is Q-rational and so satisfies weak approximation. Moreover it is straightforward 
to calculate that rx = 2 (see [5, Lemma 1], for example). With this in mind we see 
that the following result confirms the Manin prediction. 

Theorem 1. — We have N{B) cxBlogB, as B ^ 00, where cx is the constant 
predicted by Peyre. 

Our result bears comparison with recent work of Iwaniec and Munshi [15], where a 

counting function analogous to N{B) is studied as i? 00. However, using methods 
based on the Selberg sieve, they are only able to produce a lower bound for the 
counting function which is essentially of the correct order of magnitude, a deficit that 
is remedied by our result. 

Fix a constant c > once and for all. We will work with compact subsets TZ cM? 
whose boundary is a piecewise continuously differentiable closed curve of length 

d{TZ) < c sup max{|a;i|, |a;2|} = cr 00, 

say. For any parameter X > let XTZ = {Xx : x € TZ}. Our proof of the theorem 
relies upon estimating the sum 

S{X)= r{L{x))r{C{x)), 

where r denotes the sum of two squares function, and L, C are suitable binary forms of 
degree 1 and 3, respectively, that arc defined over Z. Recall that r{n) =- 4^^|^ xC*^)) 
where x is the non-principal character modulo 4. For any d = (di, ^2) G we let 

e(d) = e(d; L, C) = #{x e Z2 n [0, d^d^f : rfi | L(x), ^2 | C(x)}. (1.2) 

Furthermore, we define E to be the set of m € N such that there exists I e Z^o for 
which m = 2^ (mod 2^+^). We denote by £ (mod 2") the projection of £ modulo 2". 
The following result forms the technical core of this paper. 
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Theorem 2. — Let e > and let rj = 1 - > 0.086. Let C e Z[x] be 

an irreducible cubic form and let L e Z[x] be a non-zero linear form. Assume that 
L(x) > and C(x) > for every x gTZ. Then we have 

S{X) = TT^ voliTVjX^ n + 0{X\logX)-''+') , 
p 

where 



1^1,1^2^0 ^ 



if p > 2 and 

T/ie implied constant in this estimate is allowed to depend on e,L,C and r^o- 

The sum S{X) is directly linked to the density of integral points on the afBne 
variety 

L{x) = s\+tl C{x)=sl+tl. 

Arguing along similar lines to the proof of [2, Theorem 4], one can interpret the leading 
constant in our estimate for S{X) as a product of local densities for this variety. In 
fact this variety is related to a certain intermediate torsor that parametrises rational 
points on the Chatelet surfaces under consideration in this paper. 

The asymptotic formula in Theorem 2 should be taken as part of an ongoing 
programme to understand the average order of arithmetic functions running over the 
values of binary quartic forms. One of the starting points for this topic lies in the 
work of Daniel [8], where the analogue of S{X) is estimated asymptotically with 
r{L)r{C) replaced by r{x\ + X2)- A treatment of r(Li) • • • r(L4) for non-proportional 
linear forms Li, . . . , L4 has been accomplished by Heath-Brown [12], which in turn 
has been improved by the authors [2]. Moreover, our allied investigation [3] could 
easily be adapted to handled the analogue of S{X) featuring r{L{)r{L2)r{Q) when 
Li, 1/2 are non-proportional linear forms and Q is an irreducible binary quadratic form. 
Dealing with r{Qi)r{Q2), for non-proportional irreducible quadratic forms Qi, Q2j or 
even r{F) for a general irreducible quartic form F, seems to present a more serious 
challenge. 
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2. Polynomials modulo n 

Our analysis will require information about the number of solutions to various 
systems of polynomial equations modulo n. For any polynomial / € Z[a;] of degree 
^ 2, we define the content of / to be the greatest common divisor of its coefficients. 
Thus a polynomial has content 1 if and only if it is primitive. Let 

gf{n) = #{x e Z/nZ : f{x) = (modn)}. (2.1) 

Since Qf{n) is a multiplicative function of n it will suffice to analyse it for prime 
powers. We begin by recording the following upper bounds. 

Lemma 1. — Assume that disc(/) ^ and that p is a prime which does not divide 
the content of f, with disc(/). Then for any u ^ 1 we have 

Qfip") < dmin 

Proof. — The inequality Qf{p'^) ^ dp'^ is due to Huxley [14] and the inequality 
gf{p'^) < dp^^~^^^ is due to Stewart [18, Corollary 2]. The final inequality is trivial. 

□ 

One of the ingredients in our work will be the Dedekind zeta function 

for Ke(s) > 1, when fc is a number field obtained by adjoining to Q the root of an 
irreducible polynomial / e Z[a;]. Here a runs over the set of integral ideals in k and 
p runs over prime ideals. By a well-known principle due to Dedekind [10, p. 212], 
for a rational prime p \ /odisc(/), where /o denotes the leading coefficient of /, we 
have the ideal factorisation [p) = p\^p'2 ■ ■ ■ , with A^fe/Q(pi) = p'"S corresponding to 
the factorisation 

f{x) = fi{xrf2{xr'... (modp) 
for polynomials fi{x) of degree which arc irreducible modulo p. When rj = 1 the 
polynomial fi has a root modulo p. Thus, for p \ /o disc(/), we have 

e/(p)=#{p:^fe/Q(p)=ri- 

The Eulerian factors of Cfc(s) which correspond to prime ideals p for which Affe/Q(p) = 
p^ for r ^ 2, or p I /odisc(/), define a holomorphic and bounded function in the 
half-plane JRe(s) > ^, without any zeros there. 
We will need to investigate the Dirichlet series 

G/W = f G/(«) = i;«^. (2.2) 

n=l n=l 

for 5Re(s) > 1, where x is the real non-principal character modulo 4. Let k e (0, ^)- 
It follows from Lemma 1 that for any p \ fo disc(/) we have 



Y^MML±^ 1 
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Hence for all k e (0, ^) there exists an arithmetic function h such that 

n— 1 

say, with XI^i \h{n)\n~^~^'^ <Ck 1. In the same manner Gf{s,x) is related to the 
Hecke L-function 

defined for 5Re(s) > 1. Note that when d is odd L{s, x) will be analytic at s = 1 since 
X is a quadratic character. Thus we have Gf{s,x) = L{s,x)H-f{s,x), where 

The following result is well-known and follows on combining the above with the results 
contained in the survey of Heilbronn [13]. 

Lemma 2. — Let A > Q and let f £ Z[x] be an irreducible cubic polynomial with 
content 1. Then we have 

E^^^ = ^(/;x) + o.((iogx)-), 

with ^?(/;x) = -^(l)X)-f^/(l)X)- Furthermore, we have 

y- x{p)Qf{p) ^ ^ 

In the present investigation we will be concerned with the case f{x) = C{x,l),an 
irreducible polynomial of degree d = 3 defined over Z. We will need to relate the 

series 

n=l 

to H(j(jj. i-f{s), where g{di,d2) is given by (1.2). To this end it will be necessary to 
have some further information about the size of Q{di,d2) at prime powers. We will 
suppose once and for all that 

L(x) = axi + bx2, C(x) = cqxI + cix\x2 + C2Xix% + csaif, (2.4) 

for a, b, Ci G Z, with non-zero integers 

A = I Res{L,C)\, A' = | disc(C)|. (2.5) 

Our investigation is summarised in the following result. 

Lemma 3. — Let C G Z[x] be an irreducible cubic form and let L e Z[x] be a non- 
zero linear form,. Assum,e that L,C are primitive and let A, A' be as in (2.5). Then 
we have the following expressions. 



6 



R. DE LA BRETECHE & T. D. BROWNING 



1. When cqA' and ly gN then we have 



ijiy 
ifv 
ifv 



0(mod3), 

1 (mod 3), 

2 (mods). 



p-i(p[Sl+i - l)ec(x,i)(p) 
In particular, when p\ cqA' we have 

q{^,p) = {p- ^)Qc{x,i){p) + 1- 
For any prime p and i/ e N, we have 

e(l,p'')«min{p2-i,p^}. 

2. When 1/2 ^ Sz^i and p] A, we have 

Qip-'^p-'^) ^p''^+'^-'^-^'^\ 
When ^ Sui < 1/2 and p | cqAA', we have 

3. For any prime p and h'1,1'2 G 2^^o we have 

QiP^^P"') < min{33'^i+2>/2 p2>.i+2^2-i^p2^i+l^|^ 

These expressions are founded on a preliminary study of the related quan- 



Proof. 
tity 

g^ip^^p"') = #{x G Z2 n [0,p''^+-'^f : I L(x), I C(x), p jx}. (2.6) 

We will follow the convention that ^*(1,1) = 1. We can relate this quantity to 
q{p'^^ , p"^^ ) via the easily checked identity 

0^fc^max{!yi,|"i2.]} 

with rrife = 2(min{!^i, k} + min{t'2, S/c} — fc). This follows on partitioning the x to be 
counted according to the common p-adic order of xi,X2 and p^^^i"'^'\—^^ . 
Proceeding with our analysis of Q*{p'''^ tP"^), we begin by noting that 

Q*{l,pn = 'fi{pnQc(.,i){pl (2.8) 

if p f Co, since the solutions x to be counted satisfy p\x2 for p | cq. Hence Lemma 1 
yields Q*{l,p'^) < 3(/?(p'^) if p j cqA'. Suppose now that p \ cqA'. If x is counted by 
Q*{l,p'^) then ^ < Wp(co) if p^||x2. We may conclude from Lemma 1 that 

Q*{l,pn^ E <^(P''^)•P*ep-^c(x,p^)(p'''«)«P^ (2.9) 

where we recall our convention that the implied constants are allowed to depend on 
the coefficients of L, C. This latter estimate holds for any prime p. Next we note that 

Q*ip''\p''') ^ min{p2-^e*(p^Sl),p'''^e*(l,P^^)}. 
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Since Q*{p^^,p''^) = when min{i/i, 1/2} > Vp(A), and Q*{p''^,l) = (fiip"^), it therefore 
follows from (2.9) that 

g^P^^p'-"') ^ (2.10) 
We are now ready to deduce the statement of Lemma 3. When p\ A' and v ^ l it 
follows from Hensel's lemma that Qc{x,i){p'') = Qc{x,i){p)- The first pair of displayed 
relations in part (1) now follow directly from (2.7) and (2.8). The final part is again 
based on (2.7), but now combined with (2.9). 

Turning to the proof of part (2), for which we call upon (2.7), we see that when 
^ 3i/i and p f A we have 

Q{P''\P''')= P"''Q*{P'''-\'^)=P"'' E V{p'''-^)^p'''^^'''-^'^y 

When Si^i < V2 and p \ cqAA' we have 



P 



2i/i+2i'2-2[^l 



eiP^^P"') = E p''^^+''^*(i,P''^-'') + ( 

i'is;fe<[^] 

Finally part (3) is a consequence of the inequalities 

Q{p''\p-')^p^'''Q{p-\l)=p'''+^-^ QiP-^p^n^p^^'Qi^^p^n, 

together with part (1) of the lemma. □ 

In general the forms L,C need not be primitive. We let ^1,^2 € N and L*,C* be 
primitive forms such that 

L = iiL*, C = l2C*. 

One can easily restrict attention to primitive forms in Lemma 3 via the trivial obser- 
vation that 

g(d;L,C) _ e{^;L\c*) 

{drd^f [d'^d'^y ' ^' ' 

for any d e N^, where c/- = gcA{di,li)~^di. 

Returning to the Dirichlet scries D{s) defined in (2.3), we write 

D{s)^GcixS){s.x)A{s), (2.12) 

where Gc{x,i){StX) is given by (2.2) and A[s) is the Dirichlet series associated to an 
appropriate arithmetic function a. We will need the following result. 

Lemma 4- — For any s > and a ^ ^ + e we have J2^=i \a.{n)\n~'^ <C 1. 

Proof. — Since the two functions involved are multiplicative it suffices to analyse the 
Euler products 

D{s) = Y[Dp{s), Gc(x,i){s,x) = '[lGp^cix,i){s,x)- 
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Suppose that JRe(s) = u > |. When p \ cqA', Lemma 1 and part (1) of Lemma 3 
yield 

= G^,c(x,i) {s, X) (l + 0{p-^-+i + p-'-- + . 
When p I CqA', we have 

Dp{s) = l + 0(pi-), Gp,c(x,i)(s>x) = l + 0(p^-"). 

From this wc deduce that (2.12) holds with the Dirichlet series A associated to a 
function a satisfying the bound recorded in the lemma. □ 

We close this section with a simple result concerning the estimation of summatory 
functions that involve the convolution of arithmetic functions. 

Lemma 5. — Let A > 0. Let g,h be arithmetic functions and C,C',C" constants 
such that 



d f-~-^ + ^l(log2x)^J- 

Then we have 

^ n d V (lofi 

Proof. — We clearly have 



E (g * h){n) ^ \ - h{d) ^ g{m) 

n<x d<x rn<^ 

We approximate the inner sum over m by C if d ^ ^/x. On noting that 

V \h{d)\ ^^Y^ \hid)\ (log2rf)^ C" 

d ^ d (log2Vi)^ (log2a;)^' 

d>^/x d—1 

we are easily led to the conclusion of the lemma. □ 



3. Preliminary steps 

In this section we shall begin the proof of Theorem 2. Recall the notation (2.4) 
and (2.5) concerning L, C. We will find it convenient to estimate the corresponding 
sum 5*0 (X), say, in which we insist that the greatest common divisor of xi,X2 is odd. 
Note that r(2n) = r(n) for any positive integer n. We may therefore write 

^(^) = E E Ki(x))r(C(x)) = ^ 5o(2-'=oX). 
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We will also need to extract 2-adic factors from L(x) and C(x). Thus we have 

'^(^) = E E S^{2-'^ox), 
fco^0k=(fei,/s2)ez|o 

where Sk{X) is the restriction of S{X) to x for which 2~''^L{x) = l(mod4) and 
2~'^^C(x) = l(niod4), with 2 | x. In particular it is clear that ki,k2 <C logX 
and niin{A;i, ^2} ^ t^2(A) in order for S]s_{2~''°X) to be non-zero. We will need to 
show that the available range for ki, k2 can be reduced with an acceptable error. A 
straightforward application of [1, Corollary 1] yields 

for any £ > 0. It follows that 

S{X)=Y^ E 5k(2-'=°X)+0(x2(logX)-(i-^)i°e2^_ (3_;L) 

feo^O 0^fcl,fe2<log log X 

The condition 2~''^L{x) = 1 (mod 4) is easy to analyse. Without loss of generality 
we may assume that a is odd. Let < c < 2^^+^ be such that ac = — 6 (mod2'^i+^) 
and c' e {-1, 1} such that c' = a (mod 4). Then we see that 2~'=iL(x) = 1 (mod4) is 
equivalent to the existence of x[ = 1 (mod 4) such that 

xi = CX2 + c'2^^x\. 

If fci > 1, the condition that 2 f x reduces to the condition that X2 should be odd. If 
fci = 0, the condition 2 | x holds automatically. 

Next we note that the condition 2~'^^C(x) = 1 (mod 4) can be written 

C{cx2+c^2^^x[,X2) = 2^''x'y (mod2'==+2). 

If the form C[cY + c!2^^X, Y) has all coefficients divisible by 2*^2+1 then this congru- 
ence has no solutions. Otherwise define fc^ ^ k^ so that 2^^ is the largest power of 
2 dividing all the coefficients, and set C{cY -|- d2^^X,Y) = 2'='iCo(X, F). Writ- 
ing ^2 = ^2 — k'l ^ then we sec that the above congruence is equivalent to 
Co{x[,X2) ^ 2''2.t'^'^ (mod2''2+^). Since x[ is odd we have X2 = ax^ (mod 2*^2 +2), 
for a £ [0, 2*^2+2) being one of the roots of 

Co(l, a) = 2*^2 (mod 2*^2+2), (3,2) 

The condition that X2 be odd, which should be added when ki > 1, is therefore 
equivalent to the condition that a be odd. Finally we make the change of variables 
X2 = ax[ + 2*^2+23;^ and note that x[,x'2 <C X whenever x G XTZ. We denote by 
n{ki,k2) the number of available a and recall from above that min{A;i, ^2} ^ V2{A). 
Since a is odd we clearly have 

n(A;i,fc2) < #{a;(mod2'=i+'==) : a; = -fta"^ (mod2'=i), C(a;, 1) = (mod2'==)}. 

If k2 ^ ki then the right hand side is at most 2'^2 <^ l. If ^2 > /ci then the right hand 
side is at most 2*^1 (2*^2^ <c 1 by Lemma 1. Hence we have 

n(A:i,A:2) < 1. (3.3) 
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In summary we have shown that the conditions V2{L(x.)) = ki, V2{C{'x.)) = k2 and 
2 I X, with 2^*1 i:(x) = 1 (mod 4) and 2-''^C{x) = 1 (mod 4), can be written x = Mx' 
with x'l = 1 (mod 4) and 

c'2'=i c \ / 1 N / c'2'=i + ca 02*^2+2 



M 



-■\/f - f cwl \ _ / c'2'^i + ca 02*^2+2 . 

l)[a 2*=2+2j-(, a 2^2+2 j' 



where a is a zero of (3.2) that should be odd when fci ^ 1. We note that 

|detM| =2'=i+'=2+2. (3.4) 

Furthermore, a little thought reveals that 

^ _J_ n{ki,k2) ^ 1 n{ki,k2) , . 

2 2-^ 22fco 2^ 2'=i+'=2+2 3 ^ 2'=i+'=2 ' 

feo^O fei,fe2>0 kiM^O 

in the notation of Theorem 2. 

We are now ready to start our analysis of S{X) in earnest, for which we follow the 
line of attack in [2] and [12]. In the present investigation we will not seek complete 
uniformity in L, C and TZ, unlike in [2], which will greatly streamline our exposition. 
Let us set Y = (log X)~'~^ with C a large unspecified constant. When < n <C X^ 
and n' = 2~'"^^^^n = 1 (mod4), we write 

r(n)=r(n') = 4 ^ x(d2) + 4 ^ x(e2) 

d2\n e2\n' 
d2^X2 e2>X2 

= 4 ^ x{d2) + 4. ^(^^2) 

d2\n d2\n 
d2^X2 n'>d2X2 

= 4A+(n) + 4A_(n). 

We will apply this with n = C(x). In the same manner when < m <C X we can 
write 

r(m) = 45+ (m) + 4i?o(m) + 4i?_(m), 
under the hypothesis that m' = 2^'"^'-"^^m = 1 (mod 4), with 

B+(m) = ^ X(c!i), Bo{m)= ^ x(rfi), B_(to) = J] x{di). 

di\m di\m di\m 

di^Y Y<di^^ m'>di^ 

Making the transformation x = Mx', it follows that 

5k(X) = ^5k,„(X), 

where 

SkAX) = KiM(x'))r(CM(x')), 

x'ez^nx7?.M 

x'j = l (mod 4) 

with 

7^M = {x' e : Mx' e n}, Lm(x') = L(Mx'), Cm(x') = C(Mx'). 
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The region T^-m has volume 2 '^^ '^2 ^vol(7?.) and is contained in a box with side 
length <C I detM|~^2'^i+'^2 <^ 1. Collecting together the above we may conclude that 

5k(X) = 16 5] ^ ^±,±(^; k, a) + AT{X; k, a), (3.6) 



a ±,± 



with 



and 



5±,±(X;k,a)= ^ A±(Cm(x'))S±(Lm(x')) (3.7) 



x'j^^l (mod 4) 



T(X;k,a)= J2 r-(CM(x'))Bo(iM(x')). 

= l (mod 4) 

The sums S±^±{2~''°X;\c,a) will make up the main term in our final asymptotic 
formula and we save their analysis for the following section. We dedicate the re- 
mainder of this section to showing that T(2~'^''X; k, a) makes a satisfactory overall 
contribution 

5^r(2-'="X;k,a)=T(X), 

fco^OO^fci,fc2<loglogX a 

say, to the error term. By (3.3) we have 

T(X)«(loglogX)2 5^ J2 T„(2-'=''X)|Bo(m)|, 

feo^OmeB(feo) 

where /8(fco) is defined to be the intersection 

{meZ:3d\m s.t. Y <d^ XY'^} n {m e Z : 3x € 2-'"'XTl s.t. L(x) = m} 
and 



L(x)=m 



But then [2, Lemma 6] yields 



where 77 = 1 — Once combined with the following result this is there- 

fore enough to conclude the proof that T{X) <^ X^(logX)~''+^, which suffices for 

Theorem 2. 

Lemma 6. — Let e > and let m ^ X . Then we have 

T™(x)«x(logx)^ 

Proof. — We consider here the case a ^ 0, the case 6^0 being dealt with similarly. 
The relation L{x) = m allows us to write x\ = a~^{m — 6x2) and 

C(x) = —C{m — bx2, ax2) = — 3 (C3X2 + C2mx2 + Cim^X2 + CqUI^), 
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with 

C3 = C{—b,a), c'2 = 3b^co — 2abci + a^C2, c'^ ~ — 36co + cia, Cq — cq. 

Let dm = gcdo^i^3(c-m^~*), so that Cm{x2) = a^(5~^C(x) is primitive as a polynomial 
in X2- It follows that 

Tm{X) < < r{a5mCm{X2)). 

L{x)=Tn 

The rest of the proof has much in common with the proof of [2, Lemma 5] and so we 
shall attempt to be brief. 

Write ro(n) — |r(n) and ri for the multiplicative function defined via 



nip") 

We obtain 



ly + 1, if p I 3a5m 
f'oip'^), otherwise. 



Clearly Sm \ c'3 0, whence r(a(5,„) <C 1. The polynomial Cm € '^[x2] has degree 3 
and is both primitive and irreducible over Q. Therefore the only possible fixed prime 
divisors are 2 and 3. An application of [1, Lemma 5] allows one to deduce that there 
exists a \ 36, 1712, ms < 9 and 7 = 2"^^ 3'^" such that the polynomial 

Cr„i(\->-2 + 3) 

7 

is without any fixed prime divisor for each (3 modulo a. We obtain 

'ri{Cm{X2)) ^Y n{9aA^2)). 

X2<:X a p{moAa)x2<.X 

Since ||(7a,/3|| ^ II Cm II -^m^, it now follows from [1, Theorem 2] that 

X2'^X a /3 (mod a) p<Jf ^ u^O ^ 

because X ^ rrf , where Qg^^^ip) is given by (2.1). A straightforward consideration 
of discriminants (see [1, Lemma 1], for example) yields 6.\sc{ga,p) <^ m^- 

To go further it is clear that we will need good upper bounds for the function 
SgcisiP") prime powers p" . Such estimates are furnished by Lemma 1. Thus for 
any prime p we deduce that 

Og^.^jP^nipn 1 



By including a factor 

1\0(1) 

P 



« n (1 + -)°^'^ ^ (loglogm)O(i) < {logXy, 



p|disc(g„,^) 
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we take care of the primes p \ disc{ga,i3). Next, for any p \ disc{ga,i3), we have 

which allows us to ignore the exponents v ^ 2. 

For any prime p > 5, we have Qg^ p{p) — Qc^ip), which for p | ac'j is equal 
to Qc{m-bx2,ax2){p)- If P t "^'^ then the map Z/pZ \ {mb~^} — > Z/pZ, given by 
a;2 I— > ax2{m — 6x2)"^ is injective. It follows that Qg^ f}{p) = 0c(i,x){p)i for p ^ 5 
and p I mac3. Observing that ro(p) = 1 + x(p)) our investigation so far has therefore 
shown that 

6c{i,x) 



^ n{g^ Ax2))«x {log xy H (1 + 

p|-disc(gQ,,/s) 



«x(iogxr n (1 + ^^^^'^'^"^^^^ ) 

«X(logXr, 

by Lemma 2. This therefore completes the proof of the lemma. □ 



4. Level of distribution 

The focus of this section is upon estimating the sums in (3.7). For any d € let 
A(d) = A(d; L, C) = {x e Z^ : | i(x), | C(x)} 

and let AM(d) = A(d; Xm, Cm)- Given any region A C M^, we will write XA4 for 

the set {x e Z^ n XA : xi = 1 (mod 4)}. Wc clearly have 

S±,±{X-k,a)= ^ x(^^l^^2)#(AM(d)nX7^±■±(d,M)), 

with, for example, 

Xn~'-{d,M) = {x' e XTZm : Cm(x') > da^^ Lm{x') > diXY-'^}. 

Let ||M|| denotes the maximum modulus of any entry in the matrix M and let 
^?M(d) = 0{d; Lm, Cm), in the notation of (1.2). Loosely speaking the idea is now to 
rewrite the inner cardinality as a sum of cardinalities, each one over lattice points be- 
longing to an appropriate region. We would like to approximate each such cardinality 
by its volume. In doing so we need to show that the associated error term makes a 
satisfactory overall contribution once summed over the remaining parameters. This 
is the essential content of the following "level of distribution" result. 

Lemma 7. — Let e > and let Vi,V2,X ^ 2. Assum,e that C E Z[x] is an irre- 
ducible cubic form and let L € Z[x] be a non-zero linear form. Then there exists an 
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absolute constant A> such that 



J2 ™P 



#(AM(d)nX^4) - 



4(rfld2)2 



< \\M\\%MX{^/V^ + Vl) + Fiy2)(logyi\^2)'^, 

where the supremum is taken over compact subsets ^ C whose boundary is a piece- 
wise continuously differentiable closed curve with length d{A) < M and throughout 
which I/(x) > and C(x) > 0. 

Wc will not prove this result here, following closely as it does the arguments devel- 
oped in [3, Lemme 5], [8, Lemma 3.2] and [16, Proposition 1]. Now it follows from 
(3.4) that did2 is coprime to detM, so that £»M(d) = ^(d;-L,C) = £>(d). We may 
therefore conclude from Lemma 7 that 

^,,(X;k,a)= E "^'^'^^ ''^^''^^^'^ + O ( ) • 



1<1' 



Choosing C = + 8 and replacing X by 2 '^oX, we see that the overall contribution 
from this error term is 

feo^O ^ ' fci,fe2^1oglogX ^ 

by (3.3). This is satisfactory for Theorem 2. 

Our final task is to produce an asymptotic formula for the sum 



S{V^,V2)= 



Xidid2)gid) 



, {did2r 

di^Vi 

Recall the definition of Kp from the statement of Theorem 2. We will establish the 
following result. 

Lemma 8. — Let £ > and ^4 > 0. For any Vi,V2 > 2 we have 

log Klin , 1 



16 VdoKymax)-^ 



.(logymax)-^ ' (logVmin)-^ 

where Kin = min{K, K}; Kax = max{Vi, K} and K' np>2 ^p- 

Proof. — We begin by establishing the lemma for the case in which L and C are 
both primitive. We first consider the case Vi ^ K- The sum to be estimated can be 
written 

S{VuV2)= Y: ^^^^^^P^S,iVud2), 

d2^V2 2 
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with 

Q (V ri \ \^ x{di)Q{di,d2) 

This summand is a niultiphcative arithmetic function in di and so the associated 
Dirichlet series -Fi(s) has an Euler product Y\pFi^p{s). When p'^^\\d2, we have 



In particular when p\ d2 we have 



^.„(.)=(l-^)- 



since £>((ii, 1) = di. Wc may therefore write Fi{s) = L(l + s, x) Ji(l + s; ^2), where 
L(l + s,x) is the Dirichlet L-function associated to x and Ji{s;d2) is the Dirichlet 
series associated to an arithmetic function > with Ji absolutely convergent in the 
half-plane 5ie(s) > 0. We observe that 

Ji,,(l;d2)= (i-^)Fi,p(0). (4.1) 

Let us write J^(s;d2) for the Dirichlet series associated to \jd2\- For any ^ > 0, 
Lemma 5 yields 

S,{Vud2) = L{l,x)Ml;d2) + o{:^^30y 

Now it is clear that 
with 

We apply the inequalities in Lemma 3 to estimate g{p'^^ , p'^'^ ) ■ 
Suppose first that pfcoAA'. Then q{1,p'"') < 4p''2+[^]^ 



p-2+i[^] 



and 
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Thus 



g(l,p'-^)(Jr,p(|;p--)-l) 



-(- 4pL 3 J 4 

Suppose now that p \ gcd(d2, cqAA'). On the one hand we have 
which will suffice for small values of U2. On the other hand we have 



(4.2) 



Observe that 

pIcqAA' i'2^1 p|coAA' 

which is 0(1). Using Dirichlet convolution these estimates allow us to conclude that 
^ g(l,rf2)Jr(|;rf2) ^ MliM^i T/ 

whence 

QCT/ T/^ \" x(rf2)g(l,rf2)Jl(l;rf2) , log 1^2 A 

The function Ji(l; (^2) is a multiplicative arithmetic function in d^- Let p \ cqAA'. 

We have 

Combining (4.1) with (4.2) allows us to show that for 1 ^ 1^2 =^ 3 we have 

f.(l,p^=)Ji(l;p^^) = Q{\,p^-) + 0(/''^-H^l) 

and for f 2 > 4 we have 

q(\,P^-)J^(\;P^^) = g{l,p-'^) + 0((1 + 1/2)^^)- 

Thus, in terms of Dirichlet convolution, the function x(d2)p(l, ^2) Ji (1; (^2)^2^"^ is close 
to x(c^2)e(l, c?2)rf2 ^ ^■iid so to x(f^2)^c(a;,i)(c^2)- It uow follows from Lemmas 2, 4 and 
5 that 

SiV.V.) = J^(C(., I); ,)A-; + + ^) , 
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for any ^ > 0, with 

x(d2)e(l,d2)Ji(l;d2) 



K[=^C{x,l);x)-'Y. 



^ TT / i-x(p)p-^ V- x(p'^^)g(i,p"^)./i(i;?'"^) \ 
if^,c(x,i)(i) .f:'. f'--^ .^r'n f^''^ 



ttK' 



Ad{C{x,l)-x)' 



Here we have used (4.1) for the penultimate equaUty. This completes the proof of the 
lemma in the case Vi ^ ¥2- 

Next we suppose that V2 ^ Vi. The estimation of 5'(Vi,V2) in this case is com- 
pletely analogous to the case we have just dealt with apart from a number of minor 
technical complications. We begin with the expressions 

S{VuV2)= ^ ^ 52(^2,^1), S2{V2,d,)= ^ . 

One sees that the sum £'2(^2, di) again involves a multiplicative arithmetic function 
with associated Dirichlet series ^2(5) = Hp P2,p{s)- When p\ di, we have 



1^2 >o 



where Dp{s), Gp^c{x,i){s), Apis) are the Eulerian factors of the Dirichlet series ap- 
pearing in (2.12). When and p | cqAA' it follows from part (2) of Lemma 3 
and the identity g{p'^, 1) = p'^ that 

1^2 ^1 

for 3f?e(s) = cr ^ — J . When p"^^ \\di and p \ cq AA' we deduce from part (3) of Lemma 3 
that 

F2,p(s)-^P^, 

for 3?e(s) > —j. We may therefore write ^2(5) = Gc(x,i){^ + s,x)J2{^ + s;di) 
with Gc{x,i'){s,x) given in (2.2) and J2{s;di) the Dirichlet series associated to an 
arithmetic function jdi which is absolutely convergent in the the half-plane 5ie(s) > |. 
Lemmas 2, 4 and 5 now yield 

S(y„V,) = .(C(x,l);x) E X(A).(A^1)A(M.) ^^( 1 ^ 
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with g a multiplicative function satisfying 

\ + 0{p-i), ifpjcoAA', 



0{pS)^ otherwise. 



9{pn 

This implies that 

x(di)]2{V,dt) , „/ logV, 



An application of Lemma 5 yields 



with 



^/ ^ 4 ^ x(rfi)J2(l;(ii) 



VG r^t y~)/ o^^i ^ 



4t9(C(a:,l);x) 

This completes the proof of the lemma in the remaining case V2 ^ Vi . 

It remains to say a few words about the case in which L, C are not primitive. 
Suppose that L = £iL* and C = t'^.C* for primitive forms L* and C* . Then it follows 
from (2.11) that 

5(Vi,F2)= $]x(W5lLii(^,^), 

where the inner sum now involves L* , C* and for any a G we denote by 53(^^1, V2) 
the corresponding sum in which gcd(rfi, Oj) = 1 in the summation over d. In our case 
ii and £2 may be viewed as absolute constants. Tracing through the argument above 
we arc easily led to an estimate for SaiVi, V2) that generalises the case ai = 02 = 1 
that wo have already handled. Once inserted into the above this therefore suffices to 
handle the case in which X or C is not primitive. □ 

Combining Lemma 8 with partial summation gives 

S±,±{X- k, a) = vol(7^) J^!^' + O ( 



V(logX) 

Bringing everything together in (3.1) and (3.6) we may now conclude that 
S{X) = n^Kvol{n)X'^ + 0(x2(logX)-''+'^), 
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with 

(feo,fcl,/C2)eZ|o 

by (3.5). This completes the proof of Theorem 2. 



5. Passage to the intermediate torsors 

We are now ready to commence our proof of Theorem 1. Recall the assumption 
in (1.1) that o = — 1 and / has degree 3 or 4, with an irreducible cubic factor 

without repeated roots. Thus X2,f{^) = i(x)C(x) with L of degree 1 and C of 
degree 3. Wc suppose that L, C take the shape (2.4), for appropriate a, b, Ci £ Z. Let 
6 = ^5max{|a, \ci\}. Then we will work with the norm 

||x|| = max{|a;o|, \xi\, \x2\,6~'^\x3\,S~'^\x4\}, 

in the definition of the exponential height function H4 on P^(Q). 

In what follows it will be convenient to use the notation for the set of primitive 
vectors in Z™. Our starting point is [5, Lemma 2], which reveals that 

We denote by T C = Spec Q[y, z, t, u, v] the subvariety defined by the equation 

y"^ + z'^ =t'^L{u,v)C{u,v), (5.1) 

together with {y,z,t) ^ and {u,v) ^ 0. Then T is a G^^-torsor over X. Wc 
have \\{v'^t,uvt,u'^t,y,z)\\ = max{u'^,v'^}\t\, by our choice of norm function, for any 
(y, z, t; u, v) under consideration. Since there is no solution with t = we have 

N{B) = ^#^^{y,z,t;u,v) e {Z^ X Z^)nT : {)< max{u^ , v^}t By (5.2) 

The overall contribution that arises from (y, z, t; u, v) for which L{u, v)C(u, v) is zero 
is clearly 0(1), which is satisfactory. 
Let 

£» = {deN: p\d^p=l (mod 4)} (5.3) 

and note that do GD for any do \ d. For m, n € N we let 

r(n; m) = #{a, b G Z : n = + b^, gcd(m, a, b) = 1}. 

Then r(n; 1) = r(n) is the usual r-function and r{y^n; y) = unless y G'S). Using the 
Mobius function to detect the coprimality condition we obtain 

r{y'^n;y) = ^ fJ-{k)r(j^y 

k\y 

for any y GV. Given any £1,62 S {±1} and T > 1 we define the region 

ii^--(r) = ((u,^)eR^ , \. 

^ ' V ' ■' siL{u,v) > 0, e2C{u,v) > J 
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Applying the above it now follows that 

iV(B) = i^M(fc)E E E r{fL+C+), 

fces ei,e2e{±i}(M,v)ez2nfl=i'=2(B.) 

tGX> eie2 = l 

where we have written L+ = eiL and C+ = 

In what follows it will be convenient to write ui{ai, . . . , a^) = a;(gcd(ai, . . . , Uk)), 
where w(n) = J2p\n ^- would now like to break the summand into a part involving 
t^, a part involving L+ and a part involving C+. For this we call upon the following 
result, which is established along precisely the same lines as [3, Lemme 10], where 
the analogous formula for the divisor function is established. 

Lemma 9. — Let ni,n2,ns G N. Then we have 

didj\nh 

where the indices fc} run over •permutations of the set {1,2,3}. 
Applying Lemma 9, we conclude that 

did2|* <Zid3|L 
d2d3|C 

Write d = d\d2 and note that d | f for any value of d producing a non-zero summand. 
In particular wc will only be interested in values oid&D, so that x{d) = 1. Writing 
t = ds, we deduce that 

^(^) = ^ E l^idMk) rids') E x('^3)Mrf3)5d(^), 

dk^B deN^ 
djfeeS ggj) d=did2 

where 



2w(d,I',C) ' 

£i,£2e{±i} («,-(;)ez2nfl=i'=2 (t) 

£i£2=l didalL, ^2^310 

for any T ^ 1. Now the inner sum vanishes unless d^ \ gcA{L{u,v),C{%i,v)), with 
(u, v) a primitive integer vector. In particular it follows that dz \ A, the resultant of 
L and C, whence rfs = 0(1). 
For given d € N we let 

U{n) = J2 Ka)r{db'). (5.4) 

n=ab 

We may now write 

^iB) = ^ ,Ji{d)h{n) J2 x(d3)M(rf3)5d(^ 

dn^B d£N^ 
d.neS d=did2 
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Recycling the observation that any common divisor of L{u, v) and C{u, v) must divide 
A, we obtain 

^^(T)= E E ^ E 

£i,£2e{±i} fc|gcd(A,d) {u,v)ez'^nR'^''-^{T) 

/c=gcd(d,L,C) 

ei,e2e{±l}fefe'|gcd(A,<i) (M,«)eZ=nK=i'=2(T) 
eiS2 = l [did3,kk']\L 

[d2d3,kk']\C 

Finally, we wish to remove the coprimality condition on {u,v) using the Mobius 
function. Let us define 

Le = (.L+ = eeiL, d = e^C+ = (^SiC (5.5) 

for any £ gN. It follows that the inner sum over {u, v) is equal to J2e<^ l^{^)^{^^^T), 
where if k = {k, k') then 

(a;,y)eZ2nfl=i'^2(T) 
[d\d3,kk'\\Li 
[d2d3,kk']\Ce 

We may summarise our investigation as follows. 

Lemma 10. — There exists an absolute constant c > such that 

^(^) = ^ E w E ^('^) E /'^(") E 

1=1 deS n^N £i,£2e{±l} 

neS £152 = 1 

X 



({d^)y.{d^)u[-^ 



i— (ii(i2 
d3|A 



w/iere N = andU{T) =U^^^l{T) is given by (5.6). 

c/4 ^ ' ' 



Proof. — In view of our preceding manipulations, the statement of the lemma is 

B 

IP 



obviously true with N = -S^ in the summation over n. To see that we may take N = 



for some absolute constant c > 0, we observe that U{T) — unless di <C (^T^ 

dii 

,5 



and ^2 < ■ Taking T = it follows that d = d^d^ < whence d'^n < B. 

But we also have dP'n < B, whence in fact d^ln <C -B, as required. □ 



The groundwork is now laid for an investigation of U (T) for appropriate values of 
the parameters. In effect, the thrust of this section has been concerned with passing 
from solutions of a single equation ^ — t^L[u, v)C{u, v), to solutions of 

£L{u,v) = Siivl + zl), £''C{u,v) = S^ivl + zl), 
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for varying 61,62 € Z. This corresponds to a simple descent process and the pair of 
equations defines an intermediate torsor above the Chatelet surface X. 



6. Analysis oiU{T) 

In this section we will study U{T) = U^^^^{T), as given by (5.6). We will work 
with the sets 

A(D) = A(D; L, C) = {k&I? : Di \ L(x), \ C(x)} 

A*(D) = A*(D;L,C) = {x e A(D;L,C) : gcd(£)iD2, x) = 1}, 

for any D e N^. Let us write 

ei = dids, 62 = (^2^3, E\ = [did3, kk'], E2 = [(^2^3, kk']. 

Clearly a, Ei are all odd and | Ei. Let U = R^'^'^^il), so that VfU = R^^'^^{T). 
We may therefore write 

yieh('E.:Li,Ci)r]VTTl 

where L£, Ci are given by (5.5). Ultimately we wish to apply Theorem 2 to estimate 
this sum. However the latter result involves a sum over points of 1? rather than 
points of A(E; L^, Cg). We will circumvent this difficulty with a change of variables. 

The first task is to restrict attention to the case in which each Ei (rcsp. E2) 
is coprime to the coefficients of Lg (rcsp. Ct). We let ^'1,^2 G N and L*,C* be 
primitive forms such that Lg = £iL* and Cg = I2C* . In particular i \ £i,i^ \ £2 and 
i-'^ii,i-^i2 < 1. Then A(E;Lf,Q) = A(E';L*,C*), with 



El „i ^ E2 

gcd{Euh)' 2 gcd(^2,^2)' 



E'l = „„j/r7, — —J E'2 = 

Define the function ^ : ^ N multiplicatively via 

An analysis of what goes on at prime powers easily leads to the conclusion that 
A(E';L*,C*)= y A*(E";L*,C*) = |J A*(E"), 



where 



ftl^(E') ?i|V(E') 



E'l w/ _ E'2 



TP" 1 rr" — 



gcd{E{,h)' ^ gcd{E'2,h^y 

It follows that 

•L*(x)x /C-(x) 
e'l ) V e'2 



'»IV'(E') xeA*(E")n6-iv^TC 



where 



ei , 62 



^ gcd(ei,/i)' ^ gcd(e2,/i^)' 
We let e' = e'ie'2, = i;;^;^ and E" = E'{E'^. 



BINARY FORMS AND CHATELET SURFACES 



23 



In A* (E") we define an equivalence relation x ~ y if and only if there exists A € Z 
such that 

x= Ay (modi;"). 

Note that any such A must be coprime to E" . This relation allows us to partition 
A*(E") into disjoint equivalence classes. We denote by U{F,") the set of these equiv- 
alence classes. We claim that 

#ZY(D) « {D.D^Dsr (6.1) 
for any D e N^. To see this we note that 

where Q*{T)) = q*{T)] L*,C*) is given multiplicatively as in (2.6). Applying (2.10) we 
easily deduce (6.1). 

When y e AioT A€ UCE"), we have 

^ = {x e : X = Ay (mod E") with A e Z and gcd(A, E") = 1}. 

When A e ZY(E") and yo e A, we set 

G{A) = {x e : 3A G Z such that x = Ayo (modi;")}. 

This defines a sublattice of of rank 2 and determinant E" . Moreover the definition 
is independent of yo . We conclude that 

^(^)= E E J2Ke)SiT,A,e) (6.2) 

h\-ilj(E')AeU(E") e\E" 

where 

xeGeM)n/t-i\/T-R. 

with 

Ge{A) = G{A) n {x G Z^ : e I x} = {x G Z^ : 3a e eZ s.t. x = ayo (mod£^")}. 

We have therefore arrived at summation conditions running over a lattice Ge{A) of 
determinant 

det GM) = eE" » .f' (6.3) 

gcd(a, M) 

We are now led to make a change of variables x = Mv for any x G Ge{A), where 
M — (mi, 1112) is the matrix formed from a minimal basis for the lattice. In particular 
if si ^ S2 are the successive minima of Ge{A) with respect to the norm | • |, then 
Si = |mj| for i — 1,2 and S1S2 has order of magnitude eE" . Moreover, according to 
Davenport's work in the geometry of numbers [9, Lemma 5], we will have Vi <C s^^l-'^l 
whenever x G Ge{A) is written as x = t;imi + V2m2- On defining the region TZm = 
{v G : Mv G /l~^7^}, we observe that 

, voi(7e) vol(7^) 
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We may now write 



with 



S{T,A,e)= Yl r(Mi(v))r(M2(v)) (6.5) 
vez^nVTTCM 



£*(Mv) (7*(Mv) 

A/l(v) = , A/2(v) = 



--1 '--2 

Our analysis of <S'(T, A, e) will now involve two aspects: a uniform upper bound and 
an asymptotic formula. In the first instance, therefore, we require an upper bound for 
this sum which is uniform in d ^ ^1^2 and £. Our principal tool will be previous work 
of the authors [1] , which is concerned with the average order of arithmetic functions 
ranging over the values taken by binary forms. As usual we will allow all of our 
implied constants to depend upon the coefficients of the forms L and C. In particular 
we have da <C 1. We will establish the following result. 

Lemma 11. — Let £ > and let d he square-free. Then we have 

'T 



U{T) « [dtf gcd(d, ^)(^+T^ 
Proof. — Let r2(n) be defined multiplicatively via 

r2{p') 



■ 



1 + x(p), if j = 1 and p \ Gdds AA'e, 

otherwise. 



where A, A' are as in (2.5). It follows from (6.5) that 

S{T,A,e)^2^ ^ r2(Mi(v)M2(v)), 
vez^ 

where Vi = {hsi)-'^VT for i=l,2. 

It is obvious that r2 belongs to the class of non-negative arithmetic functions 
considered in [1]. An application of [1, Corollary 1] therefore reveals that 



S{T, A, e) « {dtf{V^V2E + V^+') « {dlf {-^ E + , 

for any £ > 0, where 

^ = n (1 1 g^2(x,i)(p)x(rt ' 



It follows from Lemma 2 that E ^ A"^''^^ ^ [diy for an appropriate constant 1. 
Recalling that S1S2 '> ee", we therefore conclude from (6.3) that 



S{T,A,e)^{d£Y(^ 



Tgcd{d,hi) ^ T2- 



deh'^ 
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Inserting this into (6.2) now yields 

U{T)«{dir Y: ^^^#Z^(e")(^^^^+THe) 

< idiygcd{d,i)(^^ + T^+'y 

by (6.1). This completes the proof of Lemma 11. □ 



We now turn to an asymptotic formula for U{T) = U^^HT), as given by (6.2) 
and (6.5). Whereas in the previous lemma we sought uniformity in d = did^ and £, 
we will now allow all of our implied constants to depend in any way upon d, i and 
the coefficients of L and C. It is clear that 7?.m and M\,Mi satisfy the necessary 
conditions for an application of Theorem 2. Put 



for p > 2 and 



p2l/i+2L/2 



= 4 lim 2-2"# |x e (Z/2"Z)2 : ^ f J ^'''l^} 
n->oo [ Af2(x) e t (mod2 ) 

Then once combined with (6.2) and (6.4), Theorem 2 leads to the following result. 

Lemma 12. — Let e > 0. Then we have 

Z^(T) = 7r2iy^i'^2(d,k,^)vol(i?''i'^^(l))T + 0(T(logT)-''+"), 

where the implied constant depends on d, £, L, C , and 

h\il>{W)A&A{^")e\E" P 

It will be useful to have an expression for W{d, tj as an Euler product. Following 
the argument in [3, §6] almost verbatim one is led to the conclusion that 

H^^i'^=(d,k,^) = nH;^i'^=(d,k,^), 

p 

where for p > 2, 

^;.,..(d,M)=(i-fl)' Z ^'^'■'$C£:''-^' ■ 

with Ni = max{t;p(E'j), Ui + Vp{ei)} for i = 1,2, and 

(6.7) 

We have used here the fact that d\ = d2 = 1 (mod 4) and ei£2 = 1- In our work we 
will also need a good upper bound for the constant W^^ '^^ (d, k, i) which is uniform 
in d and £. This is recorded in the following result. 
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Lemma 13. — We have W^^^^'^{d, k,£) < d'^+^i^ for any e > 0. 

Proof. — Building on the above Euler product representation of PF^i''^^ (d, k, £), it 
is clear that |VF2^'^^(d, k, < 4. Thus we focus our attention on the factors corre- 
sponding to odd primes. When p > 2 we deduce from part (3) of Lemma 3 that 

„2JVi+2iV2 ^ Hi.^ • 

Suppose that Vp{di) = 6i and ^^(^2) = ^2- Since d = did^ is square- free we may 
assume that -|- ^2 = 1 if p | rf. Moreover A''i > 5i -|- vi and N2 > ^2 + ^'2- We 
conclude that 

JJ|W;^^'^^(d,k,^)| ^ p-"^-"? < 

Taking TV, ^ it also follows that Y{p\D |W^p''^' (d, k, ^)| < D^ for any odd D e N. 
Finally the analysis in the proof of Lemma 8, which is based on repeated applications 
of Lemma 3, furnishes the bound 

[] |W^p(d,k,£)|«(d£r. 

p\2MAA'co 

Putting everything together therefore concludes the proof of the lemma. □ 



7. Concluding steps 

We are now ready to draw to a close our proof of Theorem 1, for which wc begin with 
some technical estimates. Recall the definition (5.3) of the set £> and the definition 
(5.4) of the function fd{n). We will need the following easy result. 

Lemma I4. — Let d ^ T) be square-free. Then we have 

E ^ = ^^^^(log. + 0(log3(2 + .(d)))), 

where ipHd)=Up\da + -p)-'- 

Proof. — The proof of Lemma 14 involves a straightforward consideration of the 
corresponding Dirichlet series Fd{s) — J2nev fd{n)n~^. Let ro(n) — \r{n). It is easy 
to see that 

^-^ ^-^ 
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Let 6 = Sp = Vp{d). Then for square-free d € 53 we have 6 G {0, 1} and (5 = 1 if and 
only if p I d and p=l (mod 4). We now have 

^*)=^ n 0-^) n 

p=l(mod4) ^ p=l (mod4) i/^O ^ 

l+^^'^'A TT /I + 5 + (1 - 



- n (1^1^) n ( 

1 (mod 4) ■ ' ' 

4C(s)i(s,x) 



p-sy J.X V l-\-p~ 

p—l (mod 4) P=l (mod4) 



(l + 2-«X(2s) 



where 



«*)=n(T^)-.«')n(i+^)" 



Noting that Hi{s) = 1 we clearly have Fd(s) = Fi{s)Hd{s). 

The Dirichlet series Fi{s) is meromorphic in the region 3?e(s) > with a simple 
pole at s = 1. Moreover there is an arithmetic function hd{n), arising from the 
Dirichlet series Hd{s), such that fd = fi * hd- On applying a Tauberian theorem one 
easily deduces that the statement of Lemma 14 is true when d= 1. To see the general 
case we note that 



V- /dW ^ nd{m) /iW ^ V- fid[m) log x ^m)] 
^ n ^ m n ^ m \ -k \ & )j- 

n^x m^x '^^m m^x 

Here 

g \hd{m)\log2m ^ ^^(^)^t(d)-i (l + ^ i^) 

m=l ^ p\d ^ 

<C r{d)ip^ (rf)^t (rf)-2 iog(2 + u;{d)) 
<r(dVt(rf)iog3(2 + w(d)), 



Since 

E ^«log(2 + a.(d)). 

On inserting this into the previous formula, we therefore complete the proof of the 
lemma since Hd{l) = ro{d)(p^d). □ 

Building on Lemma 14, we may record the inequalities 

^ ^ ^^-0 ^ « rfV-^iog^, (7.1) 

for any e > and < 6 ^ I. For the deduction of Theorem 1, we wish to incorporate 
the asymptotic formula in Lemma 12 into our expression for N{B) in Lemma 10. Note 
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that there is no uniformity in any of the parameters d, k, £ that feature in Lemma 12. 
Let us set 

S{B)=S2^i:,{B)=Y,f<i{n)u{-^), 



with N = for some absolute constant c > 0, so that 



CO 



e=i des) ei,£2e{±i} den-^ fefe'|gcd(A,d) 

£l£:2 — 1 d—d\d2 



ttW^i .=2 (d, k, ^) vo^i?-^! '-^2 log B 



Let 

Then it follows from Lemmas 12 and 14 that for fixed d, k, t we have 

^^i'''=^(d,k,£) ^ 

as B — >■ cxD. On the other hand, we conclude from (7.1) and Lemmas 11 and 13, that 

lcA{d,i) 



i;--(d,k,^) « (d^r gcdK^)(^ + ^ + i) « 

uniformly in rf, ^ and B. Note that 

EEEEE^^^^'^^(d,k,^)«i. 

I d ei,E2 d k 

Writing ro(n) = \r{n), it therefore follows from the dominated convergence of this 
sum that as B — >■ oo we have N{B) ~ coBlogS, with 

co = jEf^E^^^^^^^^^f^ E voi(i?--(i)) 

^=1 des) £i,£2e{±i} 

ei£2 = l 



5: x(d3)M(d3) E 



dGN^ fcfc'|gcdCA,rf) 

d—d-id2 

In order to complete the proof of Theorem 1, it remains to show that cq — cx is 
the constant predicted by Peyre [17]. Given the general strategy in our earlier work 
[4] , we will be brief. In particular, since X is Q-rational, it is easy to relate the value 
of the constant to the count on the torsor T considered in (5.2). One finds that 

Cx = Woo JJwp, 
p 

where ujrxi and ujp denote the local densities associated to 7" taken with respect to 
the Leray measure. Using symmetry to restrict to the quadrant in which y > and 



BINARY FORMS AND CHATELET SURFACES 



29 



2 > 0, it follows that 

du dv dt dz 



Woo = 2 lira 



B^oo BlogB J-jy 2^f^LC{u, v)-z'^' 

where we have set LC{u, v) = L{u, v)C{u, v) and V is the set of {u, v, t, z) G M.^ such 
that 

< max{M^ v^}t < B, < ^ < ty^LC{u,v), l^t^B, LC{u, v) > 0. 
In view of the familiar formula 



L 



^ ds 



sfS^ 2' 
it readily follows that 

^oo = l E VOl(ii^-^ni))- 

£l,£2e{±l} 
ei£2=l 

Turning the p-adic densities, we have 

Wj,= lim p-^^ {{y,z,t,u,v) eT{I./f"L) : p\ {u,v),p\ {y,z,t)} . 



Recall the definition of £ from §1 and the identities [2, Eqs. (2.3) and (2.5)]. To 
calculate W2 we observe that t is odd in any solution to be counted. Since there are 
2""^ odd integers in the interval [1,2"'] it follows that 



c.. = Jim 2-3"-# {(.,.,,,.) e(Z/2"Z)^: - + (mod2"), | 

= lim 2-2"#|(u,f) e (Z/2"Z)2 : LC(u,w) € £:(mod2"), 2\(u,v)]. 
For any binary form F € Z[?x, v\ and prime power p^, let 

QF{p')=p-^'^'+'^4{{u,v) e (Z//+iZ)2 : I F{u,v), p\{u,v)]. (7.3) 
Suppose now that p = 3 (mod 4). Then we obtain 

= (i - 3) Y.(-Weu:V) 



Finally, when p=l (mod 4), we break the cardinality according to the value of Vp{t). 
It follows that 



in this case. 
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We now return to our expression (7.2) for cq. Carrying out the summation over £, 
finding that 

for suitable factors Wpi'^^(d, k). In view of (6.7), one has 

_ ( L(x) G eid3£:(mod2"), 

W|^'^'(d,k) = 4 lim 2-2"# { x e (Z/2"Z)2 : C(x) e £1^3^ (mod2"), 

[ 2tx 

It is clear that for any x counted here we have both LC(x) e 5 (mod 2") and 
LC(-x) e 5(mod2"). Conversely, if x e (Z/2"Z)2 satisfies iC(x) e f (mod2"), 
then either -£'(x) € eidaS (mod 2") or L{x) e —e\dz£ (mod 2"). In this way we con- 
clude that 

W^|^'^=(d,k)=2w2, 
in the above notation. Next, when p > 2 we deduce from (6.6) that 

W;-^=(d,k)= (1-^)' x(p"^+''^)£^(p^Sp^^), 

with 

er(p^i,p^=) =p-2(iVi+iV2 + l)^ L g ^^/^JVi+Ar. + l2)2 . P"^' I ^W, p"^^ I C(x), 

t p f X 

Thus W^|i'^2(d,k) is independent of ei,£2 and so W^|i'^=(d,k) = M?p(d,k), say. 
An easy calculation reveals that 

1 _ XM. A 

ii 1 , 2d£) 77 2 
p ^ p 

Our work so far has therefore shown that cq = uJoa^2T, with 

deD deN^" fefe'|gcd(A,d) P>2 p 

We may write t = np>2 ''p- ^'^'•'^ ^^^'^ ^'^^^ paper is to show that Tp = ojp for 
each odd prime p. 

Let a = Vp{A). We will deal here only with the harder case a ^ 1, the case a = 
being an easy modification. Suppose that p = 3 (mod 4). In this case it is clear that 

= (irf ) (1 + 5^ 51 {-ir+-^e{p''^+'',P''^+'n 

P ^ 1^1,1^2^0 0^(53^1 
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where 

[ P\{u,v) 

Setting 'g{p") for the analogous density in which one has p"'\\LC{u,v) instead of the 
pair of conditions present in 'gip"'^ ,p^^'^), one finds that 



as required. 

Suppose now that p = 1 (mod 4). Then we have 



Os;5^1 <5i,<52, 536(0,1} 

6i+S2=S 



with 

vi,V2^0 k,k'^0 
k+k' ^5 

and Ni = max{K + k' , 1^1 + 61 + S3} for i = 1,2. Wc claim that 
with 7V^' = Ui -\- Si -\- Ss for ^ = 1,2. We begin by noting that 

fp{Si,62,d3)= E E ^^(i^i + i)('^2 + i)e(p^sp^^). 

k+k' ^ min{ <5, Af( , JV2 } 

But it is clear that 

(-1)-' 1 



E 



2K 2™^"{''i^l'^2} ' 

K+K%inin{S, N[,N2} 

from which the claim follows. 

Given (7.4) we are now led to consider the quantity 

<5i+<52=<5 



32 



R. DE LA BRETECHE & T. D. BROWNING 



for each 6 G {0, 1}. Let TVf = Pi + 5i for i = l,2. 



We may write 



MS) 



Yl Yl ((l^l + l)(^^2 + 1) - i^li^2) 



<5ii*52^0 1/1,1/2^0 
6^+62=6 



2min{5,iV(',JV^'} 



5i,i52^0 fi, 1/2^0 
5i+52=i 



2inin{5,iVf ,JV^'} " 



When 5 = 1 and 

min{l,Up(L(x)),z;p(C(x))} ^ mm{l. N" , N^} ^ 1, 

with p''+''||LC(x), there arc two choices of (^2) such that Si+52= 6, p-'^+^i \\L{x), 
p..2+fe||c(x) and u = 1^1 + V2- Thus 



in this case. The same is true when i5 = 0. RecaUing that p ^^^{p) = {p + 1) ^, we 
deduce that 



This completes the proof that the value of the leading constant in Theorem 1 agrees 
with the prediction of Peyre. 
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